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Abstract—In this paper, we propose a complicated biaxially
anisotropic multiple spectral integral method (SIM), both nested
vertical multilayers and separate eccentric elliptical cylinders
embedded in the same lateral layer are considered simultaneously.
Furthermore, a hybrid SIM/spectral element method (SEM) is
proposed, in which SIM is used as the truncated boundary
condition for the discretized arbitrary anisotropic subregions by
SEM. Two examples corresponding to these two methods are well
matched with COMSOL respectively.
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I. INTRODUCTION

The calculation of electromagnetic (EM) scattering is of
great research merit in the application of radar detection and
antenna propagation [1], which can be roughly divided into two
categories.

One is integral method, such as method of moments (MoM)
belonging to large-scale spatial Green's function, boundary
integral method (BIM) referred to the principle of surface
equivalence, and spectral integral method (SIM), which is
relevant to the fast Fourier transform (FFT) [2]. The other one is
differential method, such as finite element method (FEM) to
approximate the function expansion of local domain for finite
elements, spectral element method (SEM) concerned to global
orthogonal basis functions for each element [3].

Furthermore, hybrid methods that combine the superiority of
both types of methods, such as BIM/SEM [4] and FEM/SIM [5],
have been developed in recent years. In this work, we propose a
complicated SIM to simultaneously calculate the eccentric
ellipses of the same region layer and the nested non-concentric
ellipses of different region layers. Moreover, SEM for local
embedded arbitrary anisotropic ring/separate elliptic regions is
considered.

II. FORMULATION

A. Multi-Layer Eccentric SIM

We first build SIM of the multilayered eccentric elliptical
cylinder. In order to construct SIM with multiple nested vertical
layers and separate ellipses in the same lateral layer, as shown
in Fig. 1, we divide the number of ellipses into two categories.

L Vertical numbering: the nested radial stratified
cylinders are [,(1<m < M) from the outside to
inside, and the regions are Q, (1<m <M +1).
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II. Lateral numbering: the separate eccentric elliptic
cylinders S,(1 <n < N) are embedded in the same
region @, enclosed by I, , and I, , the
corresponding regions are Qg (1 <n < N).

Fig. 1. Multilayered eccentric elliptical magnetodielectric cylinders. (with
Ly + Sy boundary layers and 1,, + Sy + 1 regions in total)

For part I, 1,, has radiation effects only between the nested
adjacent layers l,,_;,ln.1, SO similar to formula (6) in our
previous work [6], the EM radiation matrix can be concisely
written as

711 = Zjmm-1  ZmMmm-1 Z;,J‘fn,m Z;;C,m,m 1
Zhm Zomm Zymm+r  ZManmet
where Z,,, is the Fourier expansion of Green's function by the
surface current density kK with the equivalent source point on the
qth layer and field point on the pth layer. The superscripts "ex"
and "in" represent the exterior and the interior scattering effect
generated on the same boundary layer i,,.

For part 11, s, has mutual radiation effects with all 5,(1 <
n < N), then

722 — Zina ZMpna Z;,J;‘L,n Zﬁ’;fn,n Zing  Zmnp (2)
Z%,n Zlilzll,n,n

where 1 <a <n,n < g < N. Note these separate ellipses can be
further developed into vertical multilayered nested ellipses,
simply by replacing the formula (3) in (2) with (1).
Ziin Ziinn
|:Z]i‘,r;'l,7l Zli\zll,n,n

)

For commutation on part I and II, since these S, are located
inside the elliptic ring region Q, enclosed by 1,,_, and 1,,. Then
the coefficient matrix of [,_, 1, affected by s, is z'?, the
opposite matrix is Z21.



le — [z],m—l,a ZM,m—l,a Z],m—l,n zM,m—l,n z],m—l,[? ZM,m—l,B] (4)
Z],m,a Zyuma Z],m,n ZMmn Zj,m,[!’ ZM,m,[x’
721 = [0 Zinm-1 ZuMnm-1 Zinm  ZMnm 0] (5)

where Z'? has non-zero values only in the row where [,,_, and [,
reside. Consequently, the compositive matrix system is ZI =V,
where V is the EM excitation source and

2= 7] ©

I=[Hz,m—1 Et,m—l H,, Et,m H;mia Et,m+1

H,, Et.a H,, Et,n H,p Et,B]T (7)

B. Hybrid SIM With Ring/Separate Elliptic SEM

SIM as truncated external boundary

Fig. 2. The ring region by hybrid method with SEM embedded in SIM.

Supposing the media in a certain region is inhomogeneous,
which means pure SIM is not available. Then SEM can be used
to solve the interior region problem, while SIM is used as the
truncated boundary condition. As shown in Fig. 2, since the
interior of the ring region Q,, needs to be discretized, the
computing nodes are not only on the boundaries s,,S,, but also
inside Q,,, then the coupled matrix is

[ Zii, Zif. O 1

|zbsbrT,  Zg T, ZP |
A A z¢ 7T, ¥

zbet Zh2bT, Zo T,

252 Ziz,

where the superscripts b;, b, means on the boundary s, and S,
respectively, and i means inside the region Q,,. The variables
corresponding to (8) are

. — . — 4T
I}rll;g:[HzJ E., H' Hy, Et,z] (9)

For the hybrid SIM/SEM solution, Z;, _ is inserted as a part

into Z'* in (1) or into Z?? in (2) if Z?? has nested layers.

In particular, when S, » 0, then the ring region will be
infinitely approximated to an elliptic region. z;,***derived from
the first three rows and first three columns of z{* can replace
(3) in z2? or that matrix for the last elliptic region Q,,,,,in Z**.

III. NUMERICAL RESULTS

In this section, we present two numerical examples to verify
the expected efficiency of the proposed eccentric SIM and
hybrid SIM/SEM by comparing its computation results with the
commercial software COMSOL.

A. 3-Layer Eccentric SIM

As shown in Fig. 3, the 3-layer biaxially anisotropic medium
eccentric elliptical cylinders are excited by the source which are

three unit magnetic dipole transmitters, and the 49 receivers are
a circular array around the object cylinders, all corresponding
parameters are shown in Table I and Table II, the unit of length
on the coordinate is m.
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Fig. 3. The 3-layer eccentric elliptical magnetodielectric anisotropic cylinders.

TABLE L MODEL PARAMETERS OF EACH ELLIPSE
arameters Position and size Medium of surrounded region
Center Axis
Ellipse coordinate length (€ €) (02.9) m
#1 (-0.1,0.1) (1.9,1.8) | (1.0,1.0) | (0.0000,0.0000) | 1.0
#2 (-0.2,0.7) (1.2,1.1) | (1.5,1.4) | (0.0001,0.0002) | 1.1
#3 (0.2, -1.0) (0.8,0.5) | (2.0,1.8) | (0.0002,0.0003) | 1.2

TABLE IL PARAMETERS OF TRANSMITTERS AND RECEIVERS
T it Number Center coordinate
ransmitters 3 (18,1.0) [ (2.0,1.0) | (0.0,-2.0)
Circular array | Number Center coordinate Radius
of receivers 49 (-0.11, 0.10) 2.4

The accuracy of EM field values along the three boundaries
of the elliptical cylinders will be verified by COMSOL. As
shown in Fig. 4, SIM can achieve 1% error by using only 200
sampling points on three layers, that is, with spatial sampling
densities (SD) as 5 PPW, compared with COMSOL using
392452 triangular elements and 196679 sampling points, that is,
SD =35 PPW. The errors of the real and imaginary parts of the
tangential fields E, are 0.0086 and 0.0109 respectively, and the
corresponding errors of H, are 0.0033 and 0.0021 respectively.
In this case, SIM only uses 0.79 s time and 1881.0 MB memory,
while COMSOL requires 22 s time and 6570.9 MB memory.
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Fig. 4. Comparisons of the total EM fields along three elliptical boundaries
computed by SIM and COMSOL.

B. 6-Layer Hybrid SIM/SEM

In this case, as shown in Fig. 5, we retain the parameters of
the three ellipses of case 4, whereas for the sake of exploration
of incorporating SEM into SIM, we set the medium parameters
€,0,pn for the third ellipse of case A (#6 in this case) to

1.5 0.2\ (0.0001 0.0002 . .
(0.3 2.0),(0_0003 0.0004),1.5 respectively, and this separate

elliptic region is discretized by SEM. At the same time, we also
added #3 with radius 1.0 m and the same center coordinate as #2,
which surrounds a ring region with the same parameters as #6,
and is also discretized by SEM, as shown in Fig. 6. The
corresponding parameters for added nested #4 and #5 are (3.0,
2.6), (0.0004, 0.0005), 1.4 and (3.5, 3.0), (0.0005, 0.0004), 1.5
respectively. Their center coordinates are (-0.1, 0.6) and (0.0,
0.3), axis lengths are (0.7, 0.8), (0.4, 0.3).
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Fig. 6. Inhomogeneous subregions discretized by SEM in Fig. 5.

Fig. 7(a)—(f) shows the relative errors of the scattered fields
at the receiver array, in which SIM/SEM only uses 4485
quadrilateral elements and 5494 sampling points, and the SD is
23 PPW only in the regions enclosed by #3 and #6, the SD of
other regions is as low as that of case 4. While COMSOL needs
to discrete the entire calculation regions, with 388874 triangular
elements and 194890 sampling points. The minimum SD of the
whole area is 27 PPW. Then the relative errors of
Est Eyt, Hyare 0.0092, 0.0106 and 0.0100, respectively. As can
be seen, the hybrid SIM/SEM calculations reach good matches
with the results implemented by COMSOL.

IV. CONCLUSION

In this work, we propose a complicated multilayered
eccentric SIM that simultaneously considers both nested vertical
layers and separate elliptical cylinders embedded in the same
lateral layer. The effects of EM radiation between these ellipses

are related to the convolution integral of Green's functions in
matrix systems. The hybrid SIM with ring/separate elliptic SEM
is also proposed, in which several inhomogeneous subregions of
the model are calculated by SEM. Two numerical cases are
implemented not only to validate the EM fields along boundaries
but also to validate the scattered EM fields at the receiver array.
Both of the proposed methods can achieve 1% error and are
superior to COMSOL in terms of efficiency.
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by hybrid SIM/SEM and COMSOL.
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